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INTRODUCTION AND NOTATION 
Finite irreducible linear groups of degree n over the complex numbers can 
sometimes be classified according to the eigenvalue structure of an element 
in the group. Mitchell [18] classified all primitive linear groups containing 
an element with eigenvalues 01, /3, /J,..., ,6, where 01 # /3. In this paper, we 
examine groups which contain an element with eigenvalues EOI, ;a, CL,..., 01, 
where 6 # 1. 
An irreducible representation X of a group G over a vector space I/ is 
primitive if there does not exist m 3 2 proper nontrivial subspaces Vi with 
V = Vi @ ... @ V, such that X(g) permutes {Vi} for all g E G. As an 
irreducible representation which is not primitive is similar to one induced by 
a proper subgroup [5, Theorem 50.21, we consider only primitive representa- 
tions. As we are interested only in groups up to projective equivalence, 
we consider only unimodular representations and (y. = 1. If E is a primitive rth 
root of unity, Blichfeldt [2, p. 961 and Lindsey [14, Lemma 21 prove n < 4 
and G is known when Y > 5. This paper handles r = 3 and 4. A special 
3-element (special 4-element) g E G is one such that X(g) has eigenvalues 
CO, ~3, 1, l,..., 1 (i, --i, 1, l,..., l), where w = eztij3. 
Quasiprimitive groups are also of interest. An irreducible representation X 
of G is quasiprimitive if for every normal subgroup N of G, X j N splits into 
equivalent representations. By Clifford’s Theorem [5], a primitive representa- 
tion is quasiprimitive. By the results of Section 1, if G contains a special 
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3-element or special 4-element and X is quasiprimitive, then it is primitive. 
The results are 
THEOREM 1. Let G be a $nite group with a faithful, quasiprimitive, 
u&nodular complex representation X of degree n with a special 4-element. Then 
n < 4 and G is a known group [see 21. 
THEOREM 2. Let G be a finite group with a faithful, quasiprimitive, uni- 
modular complex representation X of degree n with a special 3-element. Let N be 
the subgroup of G generated by all such elements. Then either 
(1) Nr An+1 and G/Z(G) g Anfl or Sn+l , 
(2) n = 8, N = N’, Z(N) has order 2, and N/Z(N) g 0,+(2);G/Z(G) 
is a subgroup of the automorphism group of O,+(2). 
(3) n = 7, N g PSpe(2) and G = NZ(G). 
(4) n = 6, N z O,(3) and G/Z(G) is O,(3) or an extension of O,(3) by 
an automorphism of order 2; or N = N’, Z(N) has order 6, N/Z(N) E U,(3) 
and G/Z(G) is U,(3) or an extension of U,(3) by an automorphism of order 2. 
(5) n = 5, NE O,(3) and G = NZ(G). 
(6) n < 4 and G is a known group [see 21. 
The results of Sections 1 and 2 describe some of the subgroups of G; 
in particular under certain conditions primitive subgroups of codimension 
1 or 2 can be constructed. In Section 3, Theorem 1 is proved. In Section 4, 
the alternating groups of Theorem 2 are obtained. Using the powerful 
results of Aschbacher-Hall [I] and Stellmacher [21], the proof of Theorem 2 
is completed in Section 5. 
The notation of Gorenstein [I 1, pp. 4, 51 is adopted. In addition, if H is a 
finite group, H’ is its derived group. If p is a prime, O,(H) is the largest 
normal p-subgroup of H, Or(H) is the smallest normal subgroup of H whose 
quotient is ap-group, and O,(H) is the largest normal solvable subgroup of H. 
If x, y E H, y-lxy is denoted X’J. Also m . lH is the direct sum of m copies 
of the trivial representation of H. The symbol Z, is the cyclic group of order k. 
Let H have a primitive complex representation Y of degree m. The term 
“Blichfeldt” refers to the result [2, p. 961 that H - Z(H) does not contain 
an element h where Y(h) has an eigenvalue E such that all eigenvalues are at 
most 60” away from E. The term “Mitchell” refers to two results in [18]: 
Let h E H such that Y(h) has eigenvalues OL, 6, /3,..., /3. If h2 $Z(H) but 
h* E Z(H), then m < 2. If h C# Z(H) but h3 E Z(H), then m < 4. In the latter 
case if m = 3, H/Z(H) is a split extension of Z, x Z, by S&(3), called the 
Hessian group [2], and if m = 4, H/Z(H) c O,(3). The nonsplitting central 
extension of Z, by O,(3) is denoted G; the nonabelian group of order 27 
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and exponent 3 is denoted P(3). The group G will be a finite group with a 
faithful, quasiprimitive, unimodular complex representation X of degree 7t 
over the vector space I/ containing a special 3-element or special 4-element. 
If ??I )..., Ok E v, cv)l ,.**> v~) is the subspace of V generated by v1 ,..., vk . 
For simplicity, if we speak of g E G acting on a subspace V, of V, we mean 
X(g) acting on V, . 
1. PRELIMINARY RESULTS 
In this section the irreducible constituents of X when restricted to sub- 
groups of G generated by special 3-elements or special 4-elements are shown 
to be primitive or monomial. The possible monomial groups are investigated 
more closely, and conditions are given which guarantee the uniqueness up to 
scaling and ordering of the basis. 
LEMMA 1.1. Let N 4 G and assume N contains a special 3-element or 
special 4-element h. Then X 1 N is irreducible. 
Proof. By Clifford’s Theorem [5], X 1 N = X, @ ... @ X, where all 
the Xi’s are equivalent irreducible representations of N. By the eigenvalue 
structure of X(h), t > 1 is impossible. 
LEMMA 1.2. Let H be a subgroup of G generated either by special 3-elements 
or special 4-elements. Assume X / H = X, @ X, , where XI is irreducible. Then 
either XI is monomial or XI is primitive. 
Proof. Let h E H be a special 3-element or special 4-element. Let X, have 
degree m and act on V*. Assume the result is false. Then V* is a direct sum 
of 1 > 1 subspaces V, ,..., V, all of dimension K > 1 with m = 112 such that 
the X,(g) permute {V, ,..., V,} for g E H. Assume X,(h) fixes exactly t 
subspaces, say V, ,..., V, by renumbering if necessary. Let xj(h) be the trace 
of X1 1,$(h) forj = l,..., t. Then 
m - 3 < j trace X,(h)1 = 1 f: xj(h) 1 < i 1 xj(h)/ < kt. 
j=l j=l 
As k > 1, t > 1 - 1. Hence X,(h) must fix all 1 subspaces; so X1 is reducible, 
a contradiction. 
Lemma 1.1 implies that if V, is a proper nontrivial subspace of V, there is a 
special 3-element or special 4-element in G not leaving V, invariant. It also 
implies that the subgroup generated by special 3-elements or special 
4-elements is nonabelian. These facts along with Lemmas 1.1 and 1.2 are used 
without reference throughout this paper. 
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LEMMA 1.3. Let H be a subgroup of G generated by special 4-elements such 
that X 1 H = XI @(n - r)l, where X, is irreducible of degree Y > 3. 
Suppose XI acts on VI and X 1 H is monomial in the basis v1 ,.. ., v, of V. Then 
(1) There exist special 4-elements h, ,..., h,-, E H such that when 
v1 ,..,, v, are properly scaled and ordered 
qX(hJ = -vi+1 , 
vi+,X(hi) = vi > 
v,X(hJ = v1 for I$ {i, i + I}. 
Also (vl ,..., v,.) = VI and (n - r)l, acts on (v,+~ ,..., v,). 
(2) X I (4 >..., hj) is irreducible on (vI ,..., vj+l) for j > 2. 
(3) If X 1 H is monomial in a basis q*,. .., vn*, by ordering and scaling 
Vl * ,...> v, * correctly, vI = vl* ,..., v,. =: v~* and (v,*,, ,..., vu,*) = (v,.+~ ,..., v,). 
Proof. A special 4-element h E H, as a permutation on (v,),..., (v,), acts 
trivially or as a transposition. If it is a transposition interchanging (q), (vk) 
for some j # K, the eigenspaces of X(h) corresponding to i and -i span(vj , vk) 
and hence (vi , ok) C V, . A transitive permutation group on s letters generated 
by transpositions is S, . As X, is irreducible, X(H) acts transitively on a 
subset of r of the subspaces (v,),..., (v,), say (vi),..., (vr) by correct ordering. 
So VI = (q ,..., v7), (n - r)l, acts on (v,+r ,..., vu,), and X,(H) acts as 
the symmetric group on (vi>,..., (vr). Thus we may choose special 4-elements 
h, ,..., h,-, E H such that 
z+X(hJ = -~q+~ , 
q+,X(hJ = E& , 
v,X(hJ = vu1 for I$ {i, i + I}. 
Replacing vi by e1 *.. +rvi for i = 2 ,..., r, we obtain (I). 
As X(h,), X(h,) have no common eigenvectors on (vr , vs , va), the second 
assertion holds for j = 2. As X(h,+J does not leave (vi ,..., q+& invariant, 
(2) follows by induction. 
For (3), as X((h, , h,)) has an irreducible constituent of degree 3, by 
scaling and ordering q*,..., vu,* correctly, 
v<*X(hi) = -v& , 
vi*,,X(hJ = vUi*, 
v,*X(h,) = vs* for 1$ {i, i + I}, 
(1) 
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for i = 1,2. Assuming vi* ,..., v,* are correctly ordered and scaled so that (1) 
holds for 1 < i < j and somej 3 2, we have (vi ,..., vj+i) = (vr* ,..., vT+i). 
As /Q+~ moves (vi , . . . , vj+i) and commutes with hi ,..., /z-i , by ordering and 
scaling v:+~ ,..., v,* correctly, X(h,+J has form (1). By induction X(hJ has 
form (1) for i = l,..., r - 1, (vi ,..., v,) = (vi* ,..., vT*), and (v’,+i ,..., v,) = 
<vr*+1,..., vn *). If v,S = vi*, S commutes with each X(/Q). As Xi j (hi,..., h,-,) 
is irreducible, S is a scalar on (q ,..., vr> and (3) follows. 
LEMMA 1.4. Let H be a subgroup of G generated by special 3-elements such 
that X j H = X, @ t @ (n - m - l)lH , where XI is irreducible of degree 
m 3 5. Assume X, is monomial in a basis v1 ,..., v, of the subspace V, of V, 5 is 
linear and acts on (v), and (n - m - 1)1, acts on V, . Then there exist 
special 3-elements h, ,,.., h,-, E H such that by properly scaling and ordering 
VI I*-., %a 7 we have 
ViX(hi) = vi+1 , 
v’i+J@i) = vui+z > 
vi+,WhJ = vi , 
v,X(h,) = vz for l${i,i+ l,i+2}. 
The elements h E H with (XI 0 Q(h) diagonal in the basis vI ,..., v, , v form a 
normal subgroup F of H with H = FA where A = (h, ,..., h,-,). Also X, / F 
splits into m distinct linear representations all dazerent from 5. Furthermore af 
VI*,..., v, * is a basis for V in which X 1 H is monomial, by proper scaling and 
* ordering, v1 = vl ,..., v,, = v,*; sf 8 = lH , (vz,, ,..., v~*) = (v} @ V, , 
and af .$ # lH , v = v,“,,, and V, = (vf,, ,..., v,*). 
Proof. A special 3-element h E H, as a permutation on (a,),..., (v,), acts 
trivially or as a 3-cycle. A transitive permutation group on s letters generated 
by 3-cycles is A, . As Xi is irreducible, X,(H) acts transitively on (vi),..., (v,) 
and so we can choose special 3-elements g, , . . . , g,-, E H such that 
v,X(g,) = wi+1 9 
Vi,lXki) = Pi%+2 9 %PiYi = 1, 
vi+J(gi) = yivi , 
(1) 
Gwi) = vz for l${i,i+l,i+2}. 
Replacing vuzi by c& ... ~~~~~~~~~~~~~~~~~~ and vQi+i by o.&$ ... 01~~~~ . 
/32i-lv2i+l for i = 1, 2 ,..., [(m - 1)/2], we may assume aj = pj = yj = 1 for 
1 < j < m - 2 and j odd. If m is odd, letting hziel = g,,-r for i = 
l,..., (m - 1)/2 and hzi = g~;~~~“zi-l for i = l,..., (m - 3)/2, we get the 
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desired h, ,..., h,-, . If m is even, let h,,-i = gsi-r and hai = g~f:-~“z~-l for 
i = l,..., (m - 4)/2. Replacing v,-, by 01,-av,,-~ , vu, by OI,&,,-~V, and 
letting h,-, = g,-, , h,-a = hkyyh*4, we obtain h, ,..., h,-, as desired. 
Clearly F 4 H. As a special 3-element h E H is trivial or a 3-cycle on 
(vi),..., (v,,) and A is triply transitive, hg EF for some g E A. So H = FA 
andFn3 = 1. 
Consider X1 j F = El @ ... @ E,, where each ti is linear on (vi) for 
1 < i < m. Assume first that li = fj for some i # j. Let g, E A for Y # i 
with v,X(g,.) == vi and v,X(g,) = vj . For f EF, vj&(g;‘fg,) = v,[r(f) and 
v,ti(g;lfg,.) = v&(f). As Ei = Ej , t,(f) = Ei(f) for r # i, and thus 
[i = ... = E,,, contradicting the irreducibility of X, . So the ei’s are distinct. 
If 5 + lH , for some special 3-elementg, t(g) = w andg EF; so ti(g) # t(g) 
for 1 < i 4 712. If 5 = lH ) 
with vi.k.(g‘,)‘ = 
let f EF with Ei(f) # 1 for some i. Let g, E A 
v? . Then v,t,(g;‘fg,) = vJi(f). Thus 5 # ti for 1 < i < m. 
Let q*,..., v,* be a basis of V in which X j H is monomial. Let 
I = {I, 3, 5 )..., m - 2) if m is odd and I = (1, 3, 5 ,..., m - 3, m - 2) if m is 
even. By correctly ordering vi*,..., v~*, we get 
vi*X(hi) = c&*,~ , 
vi*+J@,) = Av& , “iPiYi = 1, 
z&X(hJ = yivi*, 
vl*X(hi) = vl*, for Z${i,i+ l,i+2}, 
(2) 
for i ~1. When m is odd, as earlier, we may assume ai = pi = yi = 1 for 
i~1; since h, = hf:;l’Q-l, we may assume X(hJ has form (2) with oli = /$ = 
yi = 1 for 1 < i < m - 2. If m is even, we may assume oli = /$ = yi = 1 
for i = 1, 3,..., m - 3, ,&,-* = 1, and yrnW2 = a$,‘_, . As X1 1 A is reducible, 
01,~~ = 1 and X(hi) has form (2) with 01~ = fii = yi = 1 for i = 1, 
2, 3,. .., m - 2. 
Let D = .fh E H 1 X(h) is diagonal in vi*,..., v,*} 4 H. If g is a special 
3-element in H, by looking at (X1 @ t)(g) in the basis vi ,..., v, , v, it is 
clear that g does not commute with A. So either g E D or for some i, j, k 
distinct with i < m, 
vi*x(g) = avj*, 
vj*x(g) = bv,*, abc = 1, 
vk*x(g) = cvIli*, 
%*x(g) = v1*, for I $ {i, j, k}. 
As X / (A, g) does not have an irreducible constituent of degree m + 1, not 
both j and k are greater than m and if one is, a = b = c = 1. In that case 
266 W. CARY HUFFMAN 
K = (kg) LIZ A,,,; but K n F is a nontrivial abelian normal subgroup of K, 
a contradiction. So i, j, k < m and g E DA. Therefore H = DA. As DF/F is 
a normal abelian subgroup of H/F E A, , D 2 F. Hence D = F as F n A = 1. 
If f=lH,XID must be trivial on ~2,~ ,..., w,*, thus (vi @ V, = 
<v;+, ,.**, w,*) and (or* ,..., v,*) = (a, ,..., v,). If E # lH , X / D must be 
trivial on n - m - 1 of the vectors wz+r ,..., v,* while [ acts on the remaining 
one. By reordering and resealing, we may assume z, = ~z+r; so 
(VI*,..., %*) = (VI ,.-a, %> and v, = <v;+, ,*.., n,*;. 
As X,IF=~,O...O~,=X~~D=~L~O...OCL,, where pLi acts on 
(vi*) and each fi is unique, {(vi*) 1 1 < i < m} = ((q) 1 1 < j < m}, 
proving the lemma. 
If n > 5 and H is generated by special 3-elements such that X j H is 
irreducible, clearly Lemma 1.4 holds when appropriately modified to avoid 
conclusions concerning 5 or (n - m - l)lH . So when necessary, Lemma 1.4 
will include this case. 
2. CONSTRUCTION OF SUBGROUPS 
In this section results are given which allow the building up of subgroups 
of G generated by special 3-elements and special 4-elements. Under certain 
conditions it is shown that there are subgroups of G which are primitive of 
codimension 1 or 2. These results are useful in induction. Lemma 2.6 will be 
used in Section 5 to determine the possible subgroups generated by two 
special 3-elements. 
LEMMA 2.1. Let n > 4 and let H be a subgroup of G generated by special 
4-elements. Assume X 1 H = Xl @ (n - r)lH where XI is irreducible of degree 
3 < r < n. Then there exists a special 4-element h E G with X j (H, h) = 
x2 0 (n - S)l<H,71, 9 where X, is irreducible of degree s = r + 1 OY Y + 2. 
Proof. Let Xi act on V, and choose a special 4-element h moving VI . So 
xl<H,h) ==&,O(n-r-2)1<~,~,, where either X, is irreducible or 
X, = X, @ [ such that X, is irreducible and 5 is linear. We are done unless 
X,=X,05where~#1(H.h). In this case, by Mitchell Xa is monomial. 
In particular X I His monomial in some basis vi,..., w,. Letting hl,..., h,-, E H 
and vr ,..., w, be as in Lemma 1.3, VI = (z~r ,..., v,) and X(h) could not be 
diagonal in the basis or ,..., v, , contradicting e(h) # 1. 
LEMMA 2.2. Let K be a subgroup of G generated by special 3-elements such 
that X 1 K = X, @ X, 0 (n - s)l, where XI is a nonunimodular primitive 
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representation of degree 4 and X, of degree d with 1 < d < 4. Suppose 
X,(K) = lC6 . Then n = 8, X, is primitive of degree 4, and Ki z G x Z, . 
If Li is the set of all elements of Ki which occur with component the identity of 
Kj(j # i) in the subdirect product, then Li C O,(.Z(KJ) for i = 1 and 2. 
Proof. By Mitchell, K,/Z(K,) E O,(3). So K,’ = K; and K,‘/Z(K,‘) E 
O,(3). As O,(3) does not have an irreducible representation of degree 4, 
is Z(K,‘) f 1. The Schur multiplier of O,(3) 2, (see [6]); so Z(K,‘) E 2, . 
As KI has elements with determinant w and only elements with determinants 
1, W, or W, O,(Z(K,)) s 2, and O,(Z(K,)) z Z, or Z, . If O,(Z(K,)) s Z, , 
K,‘O,,(Z(K,)) has index 2 in KI , contradicting 02(K) = K. Thus KI g 
K,’ >< Z,, where K,‘g G. By Theorem 5.5.1 of [12], Li 4 Ki and 
KJL, G KJLz . As Li is unimodular, either L, = K,’ or L, C O,(Z(K,)). In 
the first case, X(G) contains an element with eigenvalues -w, --w, -w, 
-4, 1) I)...) contradicting Blichfeldt. So L, C O,(Z(K,)) and K,/L, z 
O,(3) x Z, or G x Zs . Consulting [2], X, must be primitive of degree 4. 
So Kz z G x Zs and L, C O,(Z(K,)). If n >, 9, X(Z(K)) contains an 
element with eigenvalues -w, --co, -w, -w, -63, --cij, -w, --w, 1, l)..., 
contradicting Blichfeldt. So n = 8. 
LEnrnrA 2.3. Let n 3 5 and let H be a subgroup of G generated by special 
3-elements. Assume X j H = X, @ (n - r)lH , where XI is irreducible of 
degree r with 3 < r < n. Then there exists a subgroup K generated by special 
3-elements such that X j (H, K) = X, @ (n - s)I,~,~, , where s = r + 1 
or Y f 2 and -yZ is irreducible of degree s. 
Proof. Let Xi act on V, and let h be a special 3-element moving V, . 
So A’ I <H, h) = X, @ (n - r - 2)lcH.h) , where either X, is irreducible or 
X, = Xa @ 5 with Xa irreducible and 5 linear. We are done unless X, = 
X3 0 8 with 5 # l<H,h) . In this case let X, act on Va 1 V, . 
Assume first that r = 3. By Lemma 2.2, there exist special 3-elements 
h, , h, E ‘H, h) and a basis vr ,..., v4 of I’, such that 
GW,) = 7~2 , 
GW4 = vr, 3 
GW4) = 01, 
v&V,) = 7~4 > 
and 
+W,) = ~1, 
v2X(h2) = avs , 
v&V,) = ~4 , 
vU4X(h2) = a-%, . 
If a # 1, Xa 1 (H, h, , h,) is irreducible. The case a = 1 is handled as is 
r > 4. 
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Assume Y >, 4. By Mitchell, Xs is monomial. By Lemma 1.4 choose special 
3-elements h, ,..., h,-, E (H, h) and a basis oi ,..., err,, of Va such that X(/Q) 
permutes U{ , zti+l , and q+a cyclically. As f(h) # I, v,X(h) = cvj with 
c E (w, W} and qX(h) = vi for i # j. Let g E (h, ,..., h,-,) with zjX(g) = cuk 
for some Fz # j and let h* = g-lh-lgh. Then Qh*) = 1, h* is a special 
3-element, and X,(/z*) is diagonal in q ,..., z1,+r . Letting 
K = <h, ,..., h,-, , h”), 
since X, / K is irreducible, so is X, 1 (H, K). 
LEMMA 2.4. Let H be a subgroup of G generated by special 4-elements 
(special 3-elements) such that X 1 H = Xl @ (n - r)l, , where Y 3 4 (Y > 5) 
and X, acts irreducibly on V, . Suppose Xl is monomial in a basis vl , . . . , z’, of VI . 
Let Hi = (h E H j qX(h) = vi and h is a special 4-element (special 3-element)). 
Then X / Hi = Xl,i @ (n - r + l)lHi , where Xlsi is irreducible and monomial 
in v1 ,..., zlipl , vui+l ,..., 0, . 
Proof. Resealing zli does not change Hi. Let (n - ~)l, act on V3 . First 
take the case where H is generated by special 4-elements. By scaling and 
ordering zli ,..., vV correctly, choose special 4-elements h, ,..., h,.-, E H as in 
Lemma 1.3. By transitivity on (vi),. .., (v,>, it suffices to show the result holds 
for H, . But by Lemma 1.3, X 1 (h, ,..., h,-,) is irreducible on (zi ,..., ~,-r) 
and the result holds for special 4-elements. 
Now assume H is generated by special 3-elements. After scaling and 
ordering vi ,..., Us correctly, choose special 3-elements h, ,..., h,.-? E H such 
that X(hJ permutes u)i , zli+r , and ~++a cyclically by Lemma 1.4. Again it 
suffices to show the result holds for H, . Since Xi is irreducible, there is a 
special 3-element h E H such that 
zviX(h) = avi , qX(h) = wvi , 
z+X(h) = bv, , abc=l, or, s,X(h) = wvj , 
+X(h) = cvi , qX(h) = o1 for Z$ {i,i>, 
G(h) = nz, for 1 I ii,j, kl, 
In the first case not all a, b, and c are 1. Conjugating by an element in 
(h, ,..., h&, we may assume v,X(h) = ZI,. The result holds as 
X I (h, I..., h,-, , h) is irreducible on (q ,..., v~-J. 
LEMMA 2.5. Let n 3 5. Let h, , h, be noncommuting special 3-elements 
of G. Assume X j (hl , h2> is monomial in a basis v1 ,..., v, and leaoes exactly 
n - 5 of the subspaces (vi> fixed. Then (h, , h,) E A, and X j (h, , h,) = 
X, @ (n - 4)l Ch,,h,j , where X, is irreducible. 
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P7oof. Straightforward. 
LEMMA 2.6. Let n 2 8 and let K be a subgroup of G satisfying one of the 
following: 
(1) K = (g, h) where g, h are special 3-elements with X j K = 
X@(n-r)l, such that X is irreducible of degree 7 = 3 or 4. Assume for 
n =8andr =4thatKgAA,. 
(2) K = (g, h, k) where g, h, k are special 3-elements with X / K = 
X @ (n - 4)1, . Let X be monomial on a subspace p with a basis et ,..., e, such 
that in this basis 
Then there exists a subgroup H of G generated by special 3-elements such that 
X j H = Y @ ylH where Y is primitive with y = 1 or 2 and H contains K. 
Proof. First a few remarks are made about situation 2. The representation 
X is irreducible and X 1 (g, h) = R, @ R, where Ri are both irreducible. 
Also (g, h) E Z,(3), (g, k) g (h, k) g A,. Assume there is a basis 
ur ,..., U, on which X 1 (g, h, k) is monomial. By Lemma 2.5, after ordering 
Ul ,‘.., u,~ correctly, we may assume X 1 (g, h) acts trivially on us ,..., u, . 
As RI @ R, acts on the same subspace as X does, (er ,..., e& = (ur ,..., uq) 
and X / (g, h, k) acts trivially on ug ,..., u, . 
Assume the result is false. Let H be a subgroup of G generated by special 
3-elements such that X j H = Y @ ylH where Y is primitive with y = 1 
or 2. As G-conjugates of H have the same properties, by assumption that the 
result is false, no such H can contain a G-conjugate of K. By Lemma 2.3 
and induction, there exists a subgroup U generated by special 3-elements with 
K C L’ such that X / U = XI @ xl t, where x = 1 or 2 and XI is irreducible. 
As the result is false, X, is monomial. 
First we want to show that we may assume x = 1. So assume x = 2. Let 
Xr act on VI and let vu1 ,..., v,-a be a basis of VI in which XI is monomial. 
Let 2 . 1 U act on W. By Lemma 2.5 and previous discussion, we may assume 
X j K acts trivially on vI), ,. .., v,-,whereo=6ifn>8ando=5ifn=8. 
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Let h* be a special 3-element moving V, . By renumbering v,, ,..., v,-s , 
we may assume X(h*) does not leave V, = (vr ,..., v),-i , v,+i ,..., vnPe) 
invariant. Let M = (U E U / v,X(zl) = v, where u is a special 3-element). 
Note K _C M. By Lemma 2.4, X 1 M acts trivially on (v, , W) and 
X ! (M, h*) = Y @ l<M,h.> where either Y is irreducible or Y == Yr @ 5 
with Yr irreducible and [ linear. If Y is irreducible, replace U by (M, h*j. 
Assume Y = Yr @ 5. If Yi is primitive, by Mitchell < = l<M,h*) , contra- 
dicting the assumption the result is false. So Yr is monomial in the basis 
Vl ,*.., vo-1 , ’ v,+r ,..., v,-s , where v,’ E (v,, W) by Lemma 1.4. As 
X(h*) movePZ:, , Y,(h*) ’ is not diagonal in this basis. In particular &‘z*) = 1; 
so X 1 (M, h*) = Yr @ 2 . lCM,rL*) . Let 2 . ICM,h*) act on W*. Then 
w* c xv, 9 W). As W and W* have dimension 2, W* n W # {O}. Hence 
x I (UP h*) = J.7 0 l<U,h’> 9 where X is irreducible and I<,,,,, acts on 
W* n TV. 
So we may assume x = 1 and X1 is monomial in a basis vr ,..., v7,_i of 
Vr . Let 1 U act on (a,). If h is a special 3-element fixing V, , then X / (U, h) = 
X @ [ where X acts irreducibly on I’, and 5 on (v,). By Mitchell, if X is 
primitive, [ = l<,,,, , a contradiction. So X is monomial and by Lemma 1.4, 
X(h) is monomial in vi ,..., v,, . 
Now let h be a special 3-element moving Vr . As earlier we may assume 
X 1 K acts trivially on vO ,..., v,-,whereo=5ifn=8anda=6ifn>8. 
By numbering vu, ,..., v+r correctly, we may assume X(h) does not leave 
W = (vi ,.,., vC-r , vO+s ,..., v,-r) invariant. Let M = (u E U 1 v,X(u) = 
V 09 %1x(~) = Vo+l where u is a special 3-element). By Lemma 2.4 applied 
twice, X 1 M acts trivially on (v, , vu+1 , v,) and X / (M, h) = Y @ l<M,h) , 
where either Y is irreducible or Y = Yr @ [ with Yr irreducible and f 
linear. As the result is false, if Y is irreducible, it is monomial, and if Y is 
reducible, by Mitchell Yr is monomial. In either case there is an i < n with 
qX(h) = vi by Lemma 1.4. 
By Lemma 1.4, choose u E U such that v,,X(u) = vi . Then X 1 Ku acts 
trivially on vi . Let NC = (g E U 1 qX(g) = vi and g is a special 3-element). 
So K” C Ni and by Lemma 2.4, X / Ni is irreducible on Wi = (vl ,..., Vi-1 , 
z+l ,..., v+i) and trivial on (vi , v,). As h leaves vi invariant but not Vr , h 
zoves WC . Thus X / (Ni , h) = Ri @ lCh;i,h> , where Ri is irreducible and 
hence monomial in a basis vr ,..., vi-i , di , vi+r ,..., v,-, , where Gi E (vi , v,> 
by Lemma 1.4. As h moves Wi , viRi(h) $ (q). So for j, k < n with i,j, k 
distinct, 
v,X(h) = avp ) 
VkX(h) = bdi ) abc = 1, 
B<X(h) = cvj ) 
%X(h) = 712 , for l<Z<n-1, Z#j,k. 
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Choosing 1 with 1 < 1 < n - 1 but distinct from i, j, k, we may apply 
the same argument to get 
v,X(h) = cm, , 
v,-qh) = pa*, 9% = 1, 
%*x(h) = Y”r, 9 
v,X(h) = vt , for I<t<n--1, t#p,q, 
where p, q, 1 < n. are distinct and =zI~* E (or , 0,). By comparing the two 
expressions for X(h), the only possibility is j = p and k = q. So 
(z7J = (vl*) c (Vi, v,) n (vl , v,) = (v,). 
In particular, X(h) is monomial in the basis vi ,..., v, . 
Therefore if N is the normal subgroup of G generated by the special 
3-elements of G, X j N is monomial in the basis vi ,..., v, . By Lemma 1.4, 
this basis is unique up to scaling and ordering. As N u G, if g E G, X / N 
also permutes the subspaces {(vi> X(g) 1 1 < i < n}. So 
{(vi) X(g) ( 1 < i < n> = {(vi) ( 1 < i < n> 
and X is monomial, a contradiction. 
COROLLARY 2.1. Let n > 8 and let H be a subgroup of G generated by 
special 3-elements such that X / H = X @ (n - r)lH , where ?3 is irreducible of 
degree r and 3 < r < n. Then there exists a subgroup U of G such that X 1 U = 
Y @ yl o , where Y is primitive with y = 1 or 2. 
Proof. By Lemma 2.3 and induction, we may assume r = n - 2 or n - 1. 
If X is primitive, we are done. If not, by Lemma 1.4, there exist special 
3-elements h, , h, such that X 1 (h, , h2) = S @(n - 3)lCh,,h,) where S is 
irreducible. We are done by Lemma 2.6. 
LEMMA 2.7. Let n 3 6. Assume there exists a subgroup U of Ggenerated by 
special 4-elements such that X / U = X, @ (n - r)l u where 3 < r < n and 
XI is irreducible. Then there exists a subgroup H of G generated by special 
4-elements such that X 1 H = Y @ ylH , where Y is primitive with y = 1 or 2. 
Proof. The proof is analogous to that of Lemma 2.6 and is omitted. 
3. THE PROOF OF THEOREM 1 
Theorem 1 will now be proved. By Brauer [3], Lindsey [15, 16, 171, and 
Wales [22, 231, no primitive, unimodular linear groups of degree 5, 6, or 7 
contain special 4-elements; so assume it > 8. 
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Let g, h be noncommuting special 4-elements. Then X / (g, h) = 
y 0 (a - 4)1 <B,A> where Y has an irreducible constituent of degree at least 2. 
Case A. Y = Y1 @ Ya where Yr is irreducible of degree 2. Let Hi = 
Yi((g, h)) and Y((g, h)) = H. Then H’ is a subdirect product of H,’ and 
H,‘. Let IMi be the set of elements in Hi’ which occur with the identity of 
H,‘(j # i) in the subdirect product. By Theorem 5.5.1 of Hall [12], ilZi Q Hi’ 
and H,‘/M, z H,‘/M2 . Blichfeldt [2] g ives the various possibilities for HI . 
The case HJZ(H,) g A, is handled as in Lemma 2 of [15]. Either 
Jfr = H,’ or Mr C Z(H,‘). In the first case, X(G) contains an element with 
eigenvalues -w, --cij, 1, 1 ,.. . . In the second case H,/Z(H,) g A, and X(G) 
contains an element with eigenvalues -w, --w, -w, --w, 1, I,... . Both 
contradict Blichfeldt. 
If H,/Z(H,) g S’, , H,‘/Z(H,‘) s A, . If M1 contains the Sylow 2-subgroup 
of HI’, there exist special 4-elementsg, , g, such that (gr , ga) is the quaternion 
group of order 8 and X / (gr ,ga) = X* @ (n - 2)1c,1,,2) , where X* is 
irreducible. Otherwise &Zr C Z(H,‘) and H,‘/Z(H,‘) g A, . Again X(G) 
contains an element with eigenvalues -w, -6, -w, --c;j, 1, I,..., contradicting 
Blichfeldt. 
The case H,/Z(H,) z A, is impossible as 2-elements do not generate A,. 
If Yr is monomial and unimodular, Ya = 2 I,,,,, . If Yr is monomial and 
nonunimodular, Ya = f1 @ l<B,hj , where 5, is linear. Let Y1 be monomial in 
z~r , z1a and let 5, act on (~a). Without loss of generality, we may assume 
and 
Then g, = h, g, = h-lghg-l are special 4-elements and X / (g, , gs) = 
x* 0 (n - w+7*> where X* is irreducible. 
So if case A holds, there are special 4-elements g, , g, such that 
x I (&> &?> = x* 0 (n - 2)1<81’c72) P where X* is irreducible. Let X* act on 
V*. Choose a special 4-element g, moving V*. So X 1 (gr , ga , g3) = 
Xl 0 @ - 4)l(Q82’83> 7 where either X1 is irreducible or X, = X, 0 5 
with X, irreducible and 6 linear. Assume the latter is the case with 
t#l (81,+,3) . By Mitchell, Xa is monomial in some basis zli , o2 , ~a . 
As [(g,) # 1, X,(g,) is diagonal. As X, is irreducible, Xa 1 (gr , ga} does not 
leave any (vi) invariant. But then Xa 1 (gr , ga) is irreducible, a contradiction. 
So if A holds, X / (gr , g, , ga) = a @ (n - s)I~~~,,,,~) , where s = 3 or 4 
and 2 is irreducible. 
Case B. Y = Yi @ 5 where Y1 is irreducible of degree 3. If 5 f l<s,h) , 
by Mitchell, Yr is monomial in some basis vi , ~1~ , z1a . Then in this basis one 
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of Y,(g), Y,(h) is diagonal while the other fixes some (vi); this contradicts the 
irreducibility of Yr . So [ = lCBlh) . 
Thus in any case G contains a subgroup H generated by special 4-elements 
such that X / H = X1 @ (n - r)lH , where Xi is irreducible and Y = 3 or 4. 
By Lemma 2.7 and induction Theorem 1 is proved. 
4. A SPECIAL CASE OF THEOREM 2 
We return to the proof of Theorem 2. In this section we classify G when 
71 > 8 and a certain hypothesis holds, which will be useful for induction 
purposes. Define hypothesis (A) as follows: 
(A) If U is any subgroup of G generated by special 3-elements such that 
X / U = S @ sl, where S is primitive of degree n - s with s = 1 or 2, then 
u Lx A4,-sfl. . 
We first state a result on the irreducible characters of alternating groups. 
By examining the results of Frobenius [9, lo] and using induction, we obtain 
the following 
LEMMA 4.1. If m >, 7, A, has only one irreducible character of degree 1, 
which is the trivial character, and only one irreducible character of degree m - 1, 
which is the nontrivial constituent of the permutation character on m letters. All 
other irreducible characters have degree greater than m + 1. 
Notice that if H g A, (m > 7) is a subgroup of G such that X 1 H = 
Xl 0 (n - m + l)bf , Xl is primitive and the 3-cycles of H correspond 
precisely to the special 3-elements of H. These facts will be used without 
reference in the rest of the paper. We now give some results on generators and 
relations of A, . 
LEMMA 4.2. Let U, = (fi ,..., f,& for k 3 5. Suppose the following 
relations hold: 
fi” =fd3 = (fdfd--l . ..fi)” = 1 for d = 2,..., k - 2 (1) 
((fd . ..fJ(fe ...fi))” = 1 for d = l,..., k - 4 and e = d + 2 ,..., k - 2. 
(2) 
Then either U, = 1 or U, E A, . Also in A, if we let fd = (d, d + 1, d + 2), 
thenf, ,..., fk--2 satisfy (1) and (2). 
Proof. Let h, = fdfdel ... fi . Then (l), (2) are equivalent to 
h13 = (h,-,hJ3 = hd2 = 1 for d = 2,..., k - 2, (1’) 
(hehe) = 1 for d = l,..., k - 4 and e = d + 2 ,..., k - 2. (2’) 
By Moore [19], U, = 1 or U, G A, . The remainder follows easily. 
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LEMMA 4.3. Let U be a group with a subgroup Hz A, for k > 5. Let 
H = (fi ,..., fk-2), where fd corresponds to (d, d + 1, d + 2) on {I ,..., k}. 
Assume fk--l E U such that f “,-, = 1, (f+2f& = 1, fkel commutes with 
fl ,...,fhM > andfk-lfk-2f&fk-l =f1&~-2. Then Wfd cz Ak+l. 
Proof. It suffices to show (I), (2) hold in Lemma 4.2. They hold for the 
fi's with i < k - 2. For d = k - 1 
(fk-lfk-2 **.fl)" = (f!+lfk-2f7c-2fk-l)ft-4 .**f1f7+2 . ..fi = 1 
and (1) clearly follows. For (2) we only need to consider e = k - 1. If 
d<k-4, 
(fd '..fifk-I . ..fi)" 
=fd ~~~fi(fk-lfk-2fk-2fk-l)fk-4 . ..fifd . ..fifk-2 . ..fi 
= (fd ...fifk-2 . ..fi)" = 1 as d+2<k-2. 
Letd = k - 3. Asfk--lfk-2fk-3fk--l =fk-2fk-3and(fk-2fk-1)2 = Lfk--3fk--1 = 
fk-,f,"_,fk-S . so 
(f&-3 ..*fifk--l . ..fi)" 
=fk--3 . ..flfk-1 ~~~fi(fk--3fk--l)fk--4 *.*flfk-2 *.*f1 
= fk--3 ... fifk-If?+2fk-2 ... fifk-lfk-2(fMfk-3 ***flflc-2 .**f1) 
= fk--3 ~~*fi(fk-lfk-2fk-3flc-l)fk.4 ***fifk-2 
=flz2(fk-2 ...fi)2f&2 = 1. 
LEMMA 4.4. Let U be agroup containing a subgroup H = (hl,..., h,-,) E A, 
for some k > 6. Assume H acts on {I,..., k} with hi = (i, i + 1, i + 2) for 
1 < i < k - 2. Let g E U such that (H, g) E Ak+s, where s = 1 OY 2. 
Assume (H, g) acts on {b, ,..., b,,,} and that h, ,..., h,-, , g are 3-cycles in 
(H,g). Then by numbering b, ,..., bk+s correctly, hi = (bi , bi+l , bi+z). ALO 
there is an h E H such that gh or (g-l)” is (b _ b . _ b )* ifg commutes k+s 2 T h+s 1, k+s > 
with h, , we may choose h E (h, ,..., hkp2). 
Proof. Straightforward. 
LEMMA 4.5. Let U be a group with a subgroup H = (h, ,..., h,-,) g A, 
where k 3 7. Assume H acts on (l,..., k} and that hi = (i, i + 1, i + 2) for 
I < i < k - 2. Let g E U such that [(hl , h,), g] = 1. Let 
Hl = (h, ,..., h,-2 , g> e 4s 
and assume HI acts on {b, ,..., be}. Furthermore assume h, ,..., h,, , g are 
3-cycles in HI . Then (H, g) z Ak+1 . 
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Proof. By Lemma 4.4, we may assume hi = (b,-r , bi , &+,) for 2 < i < 
k - 2 and for some h E (h, ,..., h&, gh or (g-l)* is g, = &-a , bk-r , bk). 
Also g, commutes with h, as g, h do. Thus gr3 = 1, (hk-,g,)2 = 1, g, com- 
mutes with h, ,..., h,-, , and g,h,-,hk-,g, = hkezhkm3. By Lemma 4.3, 
<Kg> = (H, 8,) = Arc+1 .
Remark. Let K be as in the hypothesis of Lemma 2.6. By Lemma 2.6 and 
hypothesis (A), there is a subgroup U generated by special 3-elements such 
that KC U g Alz-s+l where U and s are as in hypothesis (A). As two special 
3-elements of U, which must be 3-cycles of U, either commute, generate A,, 
or generate A, , K can only satisfy 1 of Lemma 2.6 and Kg A, or A, . We 
use this in the following: 
LEMMA 4.6. Assume hypothesis (A) holds and n 3 8. Let M be a subgroup 
of G generated by special 3-elements such that X 1 M = X, @ (n - m)l, , 
where XI is irreducible of degree m 3 5 (including the possibility that m = n) or 
X 1 M = X, @ 6 @ (n - m - l)l,,, , where XI is irreducible of degree m 3 5 
and 5 is linear. Then X, is primitive and in the latter form, 5 = 1 M . 
Proof. Let X1 act on Vi and assume X, is monomial. By Lemma 1.4 there 
is a basis vi ,..., v, of I’, and special 3-elements 12, ,..., h,+, E M such that 
X(hJ permutes vui , vi+r , and vi+2 cyclically. 
Assume first that X 1 M = XI @ 5 @ (n - m - l)l, , where 5 # 1, . 
Then there is a special 3-element g E M with f(g) = cii. So X,(g) is diagonal 
in the basis vi ,..., vII, and for some i, viX(g) = wvi . Let g, , g, E (h, ,.. . , h,+,) 
such that v,X(g$) = vj for j = 1, 2. Then h = g;‘ggig,‘g-lg, is a special 
3-element and X [ (h, , h) = Y @ (n - 3)lChl+ where Y is irreducible and 
(h, , h) C& A, or A, , a contradiction. 
So we may assume X / M = X1 @ (n - m)l, . As Xi is irreducible, there 
is a special 3-element g E M moving (vi + ... + v,). Replacing g by an 
M-conjugate we may assume 
+%!) = WV1 1 
GQ) = av3 , 
vJ(g) = bv, , abc = 1, 
vzX(g) = WV, , or 
Gw = vz for 1 > 2, d 
%x(g) = c’uz 7 
VI-W) = 1Jz ! for l$ (2, 3,4}, 
where not all a, b, c are 1. The former is impossible as earlier. In the latter, 
if [g, h,] = 1, a = b = c E {w, G}; however X 1 (h, , g) = Y @ (n - 4)lC+, 
where Y is irreducible but (h, , g) C& A, or A, , a contradiction. Hence 
X I (4 , g> = Y 0 (n - 3)1Ch2,8j where Y is irreducible. The only possibility 
is (h2 , g) z A, and {a, 6, c} = (-1, -1, I}. But then situation 2 of 
Lemma 2.6 occurs, a contradiction. 
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Therefore X1 is primitive; if X 1 M = X, @ e @(n - m - l)l,,, , by 
Mitchell [ = 1, . 
LEMMA 4.7. Assume hypothesis (A) holds and n > 8. Let H be a subgroup 
of G generated by special 3-elements. Assume X 1 H = XI @ (n - m)lH , 
where XI is irreducible of degree m > 5. Let g be a special 3-element with 
[H,g] # 1. Then X 1 (H,g) = Y 0 (n - ~)l~~,~~, where s = m, m + 1, or 
m + 2 and Y is irreducible. 
Proof. We have X 1 (H,g) = R @ (n - m - 2)1,,,,, , where either (a) 
R is irreducible, (b) R = R, @ 5 where R, is irreducible and { is linear, or (c) 
R = R, @ 5, @ fs where R, is irreducible and 5, , fa are linear. If (a) or (b) 
hold, we are done by Lemma 4.6. If(c) holds, as [H, g] # 1, one ti is lcHss> 
and the result follows by Lemma 4.6. 
LEMMA 4.8. Assume hypothesis (A) holds and n > 8. Let H be a subgroup of 
G generated by special 3-elements such that X 1 H = X, @ 2 . lH , where XI is 
irreducible. Let g E G be a special 3-element such that X 1 (H, g> is irreducible. 
Then (H, g> ec &+1 . 
Proof. By Lemma 4.6, X1 is primitive; so by hypothesis (A), H s A,-, . 
Let H act on {a, ,..., aneI}. Choose special 3-elements hi = (ai , a,+l , ai+J 
for 1 < i < n - 3. So H = (h, ,..., hn+). As X / (H, g) is irreducible g 
does not commute with both (h, ,..., hnpa) and (h, ,..., hn.+). Letting 
gi = h&z , bi = anpi , and replacing hi by gi , we may assume notation is 
chosen so that [(h, ,..., h&, g] # 1. 
Consider X I (hI,..., h,-, , g). By Lemmas 4.1 and 4.7, X / (h, ,..., h,-, , g) =I 
y OY . lm, ,.... hn+.8> ) where y = 1, 2, or 3 and Y is irreducible. If y = 3, 
X I <h, ,...> h,-, , g, h& is reducible, a contradiction. So by Lemma 4.6 and 
hypothesis (A), (h, ,..., h,-, , g) g A,-,,, and h, ,..., h,-, , g represent 
3-cycles. By Lemma 4.4, replacing g by an H-conjugate of g, we may assume 
g commutes with h, ,..., h,-, . Applying the same reasoning to (h, ,..., h&, 
as [(h, ,..., h,-,),g] -f 1, (h, ,..., h,_, ,g) e A,-,+1 , where r = 1 or 2. If 
r = 2, by Lemma 4.5, (H, g> z A, , contradicting Lemma 4.1. 
So Y = 1. Let (h, ,..., h,-, , g> act on {b; ,..., b,}. By Lemma 4.4 we may 
assume hi = (bipl , bi , b,+l) for 2 < i < n - 3 and gh or (g-l)” is g, = 
(bnpz , b,-, , b,) for some h E (h, ,..., h,-,). As g and h commute with h, , so 
does g, . Let h,-, = hc!;-3. By Lemma 4.5, {H, hn& G A, and h, ,..., h,-, 
represent 3-cycles in (H, h,-,). If (H, h,-,) acts on {ci ,... , c,}, by Lemma 4.5, 
we may assume hi = (ci , citl , Ci+a) for 1 < i < n - 3 and h,-, = (cj, ck, c,). 
Examining (h, ,..., h,-,), j = n-2 and k = n-l. By Lemma 4.5, 
<H, L, > a> = (H, g> LS A,+1 . 
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LEMMA 4.9. Assume hypothesis (A) holds and n > 8. Let H be a subgroup 
of G generated by special 3-elements such that X 1 H = X, @ lH , where XI 
is irreducible. Let g E G be a special 3-element such that X 1 (H, g) is irreducible. 
Then <H, g> LZ Anfl . 
Proof. By Lemma 4.6 and hypothesis (A), HE A, . Assume H acts 
on (a, , . . . . a,}. We let h, ,..., h,-, E H be special 3-elements with h, = 
(ai , ai+l , ai+J for 1 < i < n - 2. So H = (h, ,..., h,-,). As in the proof of 
Lemma 4.8, we may assume [(h, ,..., h&, g] # 1. 
ByLemmas4.1,4.6,and4.7,XI(hl,...,h,-,,g)=YOy.lol ,..., +p), 
where Y is primitive and y = 0, 1, or 2. If y = 2, by hypothesis (A), 
g E <A, ,a.., L--3), a contradiction. So y = 0 or 1 and by Lemma 4.8 or 
hypothesis (A), (h, ,..., h,-, , g) E A,-,+i . As in the proof of Lemma 4.8, 
we may assume g commutes with h, ,..., h,-, . As g does not commute with 
<h, ,..., h&, by applying the same argument, (h, ,..., h,-, , g) g A,+.+1 , 
where r = 0 or 1. If r = 0, by arguing as in the last paragraph of the proof 
of Lemma 4.8, (H, g) E Ac+2 , contradicting Lemma 4.1. So r = 1 and 
by Lemma 4.5, (H, g) E Anfl . 
LEMMA 4.10. Assume hypothesis (A) holds and n 3 8. Assume there is 
a subgroup H of G generated by special 3-elements such that X 1 H = 
Y 0 (n - s)l,, where Y is irreducible of degree s with 3 < s < n. Then the 
special 3-elements of G generate a normal subgroup N such that N z A,+1 and 
G/Z(G) s A,+1 or S,,, . 
Proof. By Lemma 2.3 and induction, we may assume s = n - 2 or n - 1. 
Let Y act on V, and letg E G be a special 3-element moving VI . If X / (H, g) 
is irreducible, by Lemma 4.8 or 4.9, (H, g) e A,+1 . Otherwise X / (H, g) = 
Yl 0 l<H,rr> 3 where Y, is irreducible on Vz . Adjoining a special 3-element g, 
moving V, , by Lemma 4.9, in any case, G contains a subgroup N generated by 
special 3-elements such that X j N is irreducible and N g AntI . 
Let N act on {a, ,..., a n+l} and choose special 3-elements h, ,..., h,-, such 
that h, = (ai, aifl, ai+*). Let h be a special 3-element not in N. By Lemma 4.1, 
x I (4 ,..., he,) = Xl 0 lu+..,~,-,> > where X, acts irreducibly on a 
subspace W. If X(h) leaves W invariant, by Lemma 4.6 and hypothesis (A), 
h E (4 ,..., k-2), a contradiction. By Lemma 4.9, (h, ,..., h,-, , h) E A,+1 . 
By Lemma 4.4, there is a g, = hg for some g E (h, ,..., h,-,) such that g, 
commutes with h, ,..., h,-, . Also g, $ N. As above (h, ,..., h,-, , gl) E A,+1 
and h 2 ,..., h,-, , gi are 3-cycles. By Lemma 4.5, (H, gr> g Anfs contra- 
dicting Lemma 4.1. So N is the subgroup of G generated by all special 
3-elements of G. 
Therefore N Q G and as X / N is irreducible, C,(N) = Z(G). Thus 
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G/Z(G) is a subgroup of the automorphism group of A,+i . So G/Z(G) g A,+1 
or S,+, . 
5. THE PROOF OF THEOREM 2 
In this section we complete the proof of Theorem 2. By examining 
Blichfeldt [2], Brauer [3], Lindsey [15, 16, 171, and Wales [22, 231, we may 
assume n 3 8. We first begin by considering what groups could be generated 
by two, three, or four special 3-elements. The classification theorems of 
Aschbacher-Hall [l] and Stellmacher [21] are then applied. 
LEMMA 5.1. Let h, and h, be noncommuting special 3-elements in G. Then 
one of the following holds: 
(1) X 1 (h, , h,) = YI @ Yz @ (n - 4)lch+) , where YI , Yz are irre- 
ducible of degree 2. Let Yi((hI , h,)) = Hi and let Mi be the set of all elements in 
Hi which occur with component the identity of Hi( j # i) in the subdirect product. 
Then Hi s SL,(3) for i = 1, 2; either M< = Z(HJ for i = 1, 2 or MC = 1 
for i = 1, 2. Also Yi(hi) are nonunimodular for i = 1, 2 and j = 1, 2. 
(2) X 1 (h, , h,) = YI 0 5 @ (n - 4)lch,,n,> , where YI is irreducible of 
degree 3. 
(3) X 1 (h, , h,) = Y @ (n - 4)1ch1,n,) , where Y is irreducible. 
Proof. As [h, , h,] # 1, X 1 <h, , h,) = Y 0 (n - 4)lch,,h,) , where Y 
has a constituent of degree at least 2. Hence (2) or (3) hold or Y = Yi @ Yz , 
where Yr is irreducible of degree 2. In this case let Y,((hl , h,)) = Hi; 
so H = Y((h, , h,)) is a subdirect product of HI and Hz . If Yr is monomial 
in some basis, then Y,(hJ would be diagonal as they have odd order, a 
contradiction. So we examine [2] for possible groups HI . 
If H,IZ(H,) z A,, we obtain a contradiction as in Section 3. Also 
H,/Z(H,) z S, is impossible as S, is not generated by its 3-elements. So 
H,/Z(H,) E A, . Let M( be as in the statement of the lemma. By Theorem 
5.5.1 of [12], Mi 4 Hi and HI/MI g Hz/M2 . Let Ci = Z(HJ. If M,C,/C, 
contains the Sylow 2-subgroup of HI/C, g A, , as MI contains only one 
involution, namely (-A -3, G contains a special 4-element, a contradiction 
to Theorem 1. So MI C C, . Also Ya is irreducible; by proceeding as earlier, 
H,/Z(H,) E A, and MS C C, . As elements of Hi have only determinant 1, w, 
or W, Ci could only be 1, Z, , Z, , or Z, . As Hi’ contains an involution, 
Z, 2 Ci for i = 1,2. As Mi is unimodular, Mi = Z, or 1. So if Ci = Z, for 
some i, Ci = Z, for both i = 1 and 2; then X(G) contains an element with 
eigenvalues -w, --co, --w, --w, 1, I,...) a contradiction to Blichfeldt. So 
Ci = 2, and Hi’ >_ Ci for i = 1, 2. By Schur [20], the only nonsplitting 
central extension of Za by A, is SL,(3). The result follows. 
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LEMMA 5.2. The only nonabelian linear unimodular group P of degree 3 and 
order 27 is P(3). Also P = (g, h) where in some basis, 
and 
Proof. Straightforward. 
LEMMA 5.3. Let h, and h, be special 3-elements. Assume X 1 (h, , h,) = 
Yl 0 5 0 (n - 4)l+.h,) where Y1 is irreducible of degree 3 and 5 # lch+,) . 
Then there exist special 3-elements h,’ and h,’ contained in (h, , h,) such that 
X I <k’, h’) = Y 0 (n - 3)lCh1’,7~z’) , where Y is irreducible and (hl’, h,‘) g 
P(3). 
Proof. Assume first that Y1 is monomial on V, . By interchanging h, and 
ha if necessary, there is a basis z1r , va , va of V, such that Y,(h,) permutes 
Vl, va , va cyclically. Then Y,(h,) is diagonal. The desired group is given by 
h,’ = h, and h,’ = h,h,h;‘h;’ by Lemma 5.2. 
Assume Y1 is primitive and let H1 = Y,((h, , hr)). By Mitchell, 
H,/Z(H,) is the Hessian group. If P is the Sylow 3-subgroup of H,‘, P char 
H,‘qH, and so PuH,. Also tiP=l,. As IPI <27, by Clifford’s 
Theorem and Lemma 5.2, we have the derised result. 
LEMMA 5.4. Let h, and h, be special 3-elements that satisfy (1) of Lemma 5.1; 
let Yi act on Vi . Let h, be a special 3-element moving V, @ V, . Let H = 
(h, , h, , h3). Then one of thefollowing holds: 
( 1) X 1 H = U @ (n - s) lH where U is irreducible of degree s = 5 or 6. 
(2) There are special 3-elements hl’, h,’ E H such that X I (hl’, h,‘) = 
u 0 (n - 3)l<h,‘,h,‘> 9 where U is irreducible of degree 3 and (hl’, h,‘) g P(3). 
(3) X I H = U, @ U, @ (n - 6)1,, where both Ui are primitive of 
degree 3. Also Ui(hj) are nonunimodular for i = 1, 2 and j = 1, 2, 3. Let 
Gi = U,(H) and Ni be the set of all elements in G, which occur with component 
the identity of Gj( j # i) in the subdirect product. Then G,/Z(G,) is the Hessian 
group. If Ni g Z(Gi) for some i, (2) also holds. 
Proof. We have X I H = U @ (n - 6)18. If U is irreducible, (1) holds. 
So we may assume U = U, @ U, , where U, is irreducible of degree r with 
3 < r < 5. Let Ui act on Wi . 
Suppose r = 5. If U, # lH , by Mitchell U, is monomial in some basis 
vr ,..., vg and U,(h,) is diagonal in this basis. As U, is irreducible, II, I (h, , h,) 
could not leave any (vi) invariant, a contradiction by Lemma 2.5. So U, = 1, 
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and (1) holds. Suppose Y = 4. We may assume Vi c Wi . As U,(hJ for 
j = 1, 2 are nonunimodular, U, must be primitive, contradicting Lemma 2.2. 
Finally assume Y = 3. Let Gi , Ni be as in statement (3). We may assume 
Vi C Wi . Assume Us = Us 0 5 where 5 # lH is linear; as [(h, , h,), hs] # 1, 
we may also assume [hi , hs] # I. So 
where R is irreducible and 4r , [a are linear, contradicting Lemma 5.1. Thus 
either Us is irreducible or U, = Us @ lH where U, is irreducible. If any 
Vi is monomial, Ui(h,) and Ui(h,) would be diagonal, a contradiction. By 
Mitchell, G,/Z(G,) is the Hessian group. Also Ni Q Gi and G,/N, G G,/N, . 
If & S Z(G), th en Ni contains P(3) as in the proof of Lemma 5.2 giving 
(2). Assume Nr C Z(G,). As G,/N, g Ga/Ns , by examining [2], U, must be 
irreducible, G,/Z(G,) g G,/Z(G,), and Na C Z(GJ. We must have Ui(hj) 
nonunimodular for i = 1, 2 andj = I, 2, 3. Thus (3) holds. 
LEMMA 5.5. One of the following OCCUYS: 
(1) There exists a subgroup H of G generated by special 3-elements such 
that X 1 H = Y @ (n - r)lH where Y is irreducible of degree Y with 3 < r < 6. 
(2) Let h, and h, be any two special 3-elements. Then either 
(a) h, and h, commute, 
(b) (h, , h2) z SL,(3) and X 1 (hl , h,) satisfy (1) of Lemma 5.1. 1j 
h, is any special 3-element satisfying the hypothesis of Lemma 5.4, conclusion (3) 
holds in Lemma 5.4 but (2) doesn’t. 
Proof. Let h, , h, be noncommuting special 3-elements. If conclusion (2) 
or (3) holds in Lemma 5.1, we have (1) by Lemma 5.3. If (1) holds in 
Lemma 5.1, let h, be as in Lemma 5.4. If conclusion (1) or (2) of Lemma 5.4 
holds, we have (1). If conclusions (3) holds in Lemma 5.4, l(hI, h, , h3)j = 
23 . 3Q for some a. In particular 48 X I(h, , h, , h3)j; so (h, , h,) g SL,(3). 
LEMMA 5.6. Assume conclusion (2) of Lemma 5.5 holds. Let h, , h, , h, be 
special 3-elements of G that satisfy conclusion (3) of Lemma 5.4, where lJi acts on 
Wi . Let h, be a special 3-element of G moving WI @ W, . Let K = (h, ,..., h4). 
Then one of the following holds: 
(1) XjK=X@(n-s)l,, where X is primitive of degree s = 7 OY 8. 
(2) n = 8 and K satis$es the conclusion of Lemma 2.2. 
Proof. We have X 1 K = R @ (n - 8)lx where R is irreducible or 
R = RI @ R, with R, irreducible of degree Y and 4 < Y < 7. If R is 
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irreducible, by Lemma 1.4, R is primitive. If R is reducible with r = 7, 
by Lemma 1.4 and Mitchell, R, is primitive and R, = 1, . So (1) holds in 
these cases. 
As X(/Z,) does not leave W, @ W, invariant, Y = 6 is impossible. If Ri 
acts on Wi* we may assume Wi C Wi*. As Ri(hj) is nonunimodular for 
i = 1,2 andj = 1,2, 3, R, and R, could not be monomial as Ri 1 (h, , h, , h3) 
contains Ui as a constituent. By Mitchell, r = 5 is impossible. So r = 4 and 
R, is primitive. Conclusion (2) follows by Lemma 2.2. 
LEMMA 5.7. Let n > 8. Then (1) ofLemma 5.5 holds. 
Proof. Assume (1) of Lemma 5.5 fails. By Lemma 1.1, let h, ,..., h, be 
special 3-elements satisfying the hypothesis of Lemma 5.6. If (2) holds 
in Lemma 5.6, n = 8 and we choose a special 3-element h, such that 
X I (4 ,...I h5) is irreducible. In any case there is a subgroup H of G generated 
by special 3-elements hl,..., h,forZ=4or5suchthatXI H=X,@(n-r)lH, 
where r = 7 or 8 and Xi is primitive. By construction for 2 < i < I, 
[hi, hjJ # 1 for someji < i implying (hi), (hj) are (hi, hi)-conjugate. So 
H is generated by an H-conjugate class D of special 3-elements such that any 
two elements in Q commute or generate S&(3). 
By Aschbacher-Hall [l], H/O,(H) s P@,(3), U,(3), or PGU,(2). By 
[22, 231, Y L= 8. Assume O,,,(H) > Z(H). As Q C H, Xi is not a tensor product. 
So by Satz 3 of [14], there is a 2-group Q 4 H with Xi j Q irreducible. 
Consider the group T = (h, , h,)Q which has order 2”3. Let X 1 (h, , h,) = 
Yl 0 y2 Cc (n - 4)l<h,,h,> 7 where Yi acts on Vi _ Assume there is a T-con- 
jugate k of h, not in (h, , h,). As 32 r 1 T 1, by Lemma 5.5, X(h) leaves 
Vi @ V, invariant and [(h, , h,), h] # 1. Let K = (h, , h, , h). So X j K = 
Y @ [ @ (n - 5)1,, where Y acts on Vi @ V, and 5 is linear. As [hi , h] # 1 
for one of i = 1 or 2, X / (hi, h) h as no nontrivial linear constituents by 
Lemma 5.1. So e = 1, and as (1) of Lemma 5.5 fails, X(h) must leave both 
Vi and V, invariant. As in the proof of Lemma 5.1, I K 1 = 24 or 48. As 
j(h, , h,)j = 24, 02(K) = K, and h $ (h, , h,), we have a contradiction. In 
particular Q normalizes (h, , h,). 
For one of i = 1 or 2, (hi , h3) z SL,(3). As above, Q normalizes (hi , h3). 
So Q normalizes HI = (h, , h, , h3). So [Q, HI] -CQ n HI 4 HI, and by 
examining the groups listed in Section 3 of Aschbacher-Hall [l], I HI I = 648 
and O,(H,) = 1. Hence [Q, Hi] = 1, contradicting Xi I Q being irreducible. 
So O,(H) = Z(H). By 20 of Brauer [3], we may assume the highest prime 
dividing / H 1 is 7. Thus H/Z(H)= O,(3), U,(3), or U,(3).As / Z(H)] 1 8 and 
3* 1 I(h, , h, , h&l, H/Z(H) g U,(3). Let K z O,(3) or U,(3) and let L be a 
group with Z(L) a 2-group and L/Z(L) g K. If rrr, is a 5-element of L, 
CL((r5)) = (r& x Z(L) and all 5-elements of L are conjugate. As 52 r I L I, 
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by Brauer [4, I, Theorem IO], every 5-block of defect 1 has characters of 
degree z = fl (mod 5). So L does not have an irreducible character of 
degree 8, and hence H does not exist. So (1) of Lemma 5.5 holds. 
LEMMA 5.8. Let n = 8. Let h, and h, be special 3-elements. Then either h, 
and h, commute or (h, , h,) is isomorphic to A, , SL,(3), or A, . 
Proof. Let H be a subgroup of G generated by special 3-elements such 
that X / H = Xi @ (8 - s)lH where Xi is primitive of degree s = 6 or 7; 
by previous remarks and Blichfeldt ifs = 6, Hz A, or O,(3), and if s = 7, 
HE A, or PSps(2). By [3], if p is a prime dividing 1 G 1, p < 7. In these 
cases, X1 has a rational character. Let h, and h, be noncommuting special 
3-elements. Let K = (h, , h,). We study the possibilities for X 1 K given in 
Lemma 5.1. 
Consider the case X 1 K = Yi @ [ @ 4 . lK , where Yi is irreducible of 
degree 3. If 5 # 1,) by Lemma 5.3, there exist special 3-elements hl’, h,’ 
such that X 1 (hl’, h,‘) = Y @ 5 . lch,,,h,,j , where (hl’, h,‘) g P(3). By 
Lemma 2.6, (hl’, h,‘) C H for some subgroup H as in the first paragraph; but 
Y does not have a rational character, a contradiction. So 5 = 1, and by 
Lemma 2.6, K _C H for some H as in the first paragraph, and Yi has a rational 
character. If Yi is primitive, by [2], KS A, . So assume Yi is monomial. In 
some basis, after replacing h, by hi1 if necessary, 
and 
where abc = 1. If H s A, or A, , (h, , h,) g A, . If H G O,(3) or PSps(2), 
as X,(h12h,) has eigenvalues a, 6, c, 1, l,..., the only possibilities are (a, b, c} = 
(1, -1, -l} or (1, W, &}, which give K s A, or P(3), respectively. The 
latter is impossible as before. 
NowassumeXIK= Y@4.1K, where Y is irreducible. By Lemma 2.6, 
KC H where H is as in the first paragraph. If Y is monomial, by replacing 
h, by h;l if necessary, in some basis, 
where a # 1. As KC& A, or A,, Hz O,(3) or PSps(2). Since X,((h,hJ2) 
has eigenvalues a, a-l, a, a-l, 1, I,..., we must have a = -1, w, W, i, or -i. 
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If a = - 1, Y is reducible. Let g = h,(h,h,)2h;1(h,‘h;1)2, h = h,gh;‘g-‘, and 
h* = h;1(h,1h;1)2(h2h,h2)z. Then X,(h) and X,(/z*) do not have rational 
traces for u = W, 6 and a = *i, respectively. So Y is primitive. Let Y act on 
Vi. Let ha be a special 3-element moving V, . So X 1 (K, ha) = R @ 2 . 1 CK,h3>, 
where either R is irreducible or R = R, @ .$ with R, irreducible of degree 5. 
If R is monomial, as Y is not monomial, by Lemma 2.5, K g A, . So we may 
assume if R is irreducible, it is primitive, and if R = R, @ t, R, is primitive 
and 6 = 1 (K,h3j by Mitchell. If R is reducible, (K, ha) s A, or O,(3). The 
former gives (hi , h,) s A, . So assume (K, ha) E O,(3); R, does not have 
a rational character. Let R, act on V2 and let h, be a special 3-element moving 
v2 . so x I (hl >...Y ha) = s 0 lu+...,h,) 9 where either S is irreducible or 
S = S, @ [ with S, irreducible of degree 6. By Lemma 1.4, S is not monomial 
and so has a rational character, a contradiction. So R is irreducible implying 
(K, ha) e A, or O,(3). In either group a 5-element is self-centralizing; by 
examining [2] and by applying Blichfeldt, K E A, . 
Now assume (1) holds in Lemma 5.1. In the notation of Lemma 5.1, it 
suffices to prove Mi = 1 for i = 1 and 2. Let ha be a special 3-element 
moving l’r @ V, . The possibilities for X 1 (K, ha) are listed in Lemma 5.4. 
Assume Mi # 1 for both i = 1 and 2. So 1 K 1 = 48. Assume first that 
X I <K h3) = u 0 (8 - 41m3, > where U is irreducible of degree s = 5 
or 6. If U is primitive, (K, ha) is A, if s = 5 and A, or O,(3) if s = 6, as 
above. But there is ag E (hr , h,) with Yi(g) = Y,(h,), Y,(g) = (;’ “i)Y2(hl). 
Then U(g) does not have rational trace, a contradiction. So U is monomial 
and by Lemma2.5, Y = Yr @ Yz is monomial. Without loss of generality 
we may assume Y(hJ have form (1). As Y is reducible, the only possibility is 
a = - 1, which implies K E SL,(3), a contradiction. So (1) of Lemma 5.4 
does not hold; by what has been done previously, (2) is impossible. So (3) 
holds and Ni C Z(GJ for i = 1 and 2, and I(K, h3) 1 = 23 . 3a. So / K 1 # 48, 
a contradiction. The result holds. 
LEMMA 5.9. Let n = 8. Assume the special 3-elements of G do not generate 
A, . Then there is a subgroup H of G generated by special 3-elements such that 
X 1 H = R @ lH where R is primitive and H g PSp,(2). 
Proof. By Lemmas 5.7 and 4.10, hypothesis (A) of Section 4 does not 
hold. Thus there is a subgroup K of G generated by special 3-elements such 
that X / K = X1 @ (8 - s)l, where X1 is primitive of degree s = 6 or 7 
with K E O,(3) or PSp,(2), respectively. Assume s = 6 as otherwise we are 
finished. There is a subgroup Kl C K with Kl g A, (see [13]). So X 1 Kl = 
X203. lK1 where X, is primitive; Kl is generated by special 3-elements. 
Let Xi act on Vi ,2 . 1, on V,‘, and 3 . lK1 on V,‘. So V, C V, and V,’ C V,‘. 
Assume the lemma is false. Let g be a special 3-element moving Vi . In 
284 W. CARY HUFFMAN 
particular [K, g] # 1. Replacing Kr by an appropriate K-conjugate, we may 
assume [Kr , g] # 1. If X(g) leaves V, invariant, 
where Xs acts on V, . As Xs 1 Kr is primitive and [K1 , g] # 1, by Mitchell 
& = Ez = hK,,Q> . So X(g) leaves V, invariant, a contradiction. So either 
(A) X j (Kr , g) = R @ 1 (K1,8) , where R is irreducible, or 
W x I <Kl, g> = R 0 4 0 1 <x,.s> , where R is irreducible of degree 6. 
We show that in either case there is a special 3-element h moving V, such that 
XlWl,h) = YW~~~K,,h,. 
Assume (A) holds and R is primitive. So (Kr , g) g As and Kl is the 
stabilizer of two points. Choose a special 3-element h such that (Kl , h) is the 
stabilizer of one point; so (Kl , h) E A, and X / (Kl , h) = Y @ 2 . 1 cKl,h) , 
where Y is irreducible. If X(h) 1 eaves V, invariant, X / (K, h) = S @ 2 . 1 (K,h) 
where S is primitive; but then (K, h) E A, or O,(3), a contradiction. 
Assume R is monomial. By Lemma I .4, we can choose g, ,..., g, E Kl and 
a basis or ,..., ~1, such that X(gJ permutes vui , v~+~ , vii-a cyclically, 
&f(g) = wi 9 
Gw = v7 3 
v7X(g) = u-lv5 ) 
ww> = vz for 1 < 5, 
and 
Z”J(h) = v5 3 
vsX(h) = q ) 
v,X(h) = u-1v4 ) 
%X(h) = vz 7 for E # (4, 561, 
where a # 1 and h = gg,gg;‘g-l. Now X 1 (Kl , h) = Y @ 2 . lcKl+ , 
where Y is irreducible on (vl ,..., vs). Examining (g, , h), by Lemma 5.8, 
a = -1. If X(h) leaves V, invariant, V, = (vl ,..., vs) and X / (K, h) = 
s 0 2 l<,,h, , where S is primitive. So (K, h) z O,(3), which is impossible 
as S / (Kl , h) contains a nontrivial scalar matrix. 
Assume (B) holds. Suppose 4 # Icxl,,); so f(g) # 1 and R is monomial. By 
Lemma 1.4, there is a special 3-element g, E (K, , g) such that X 1 (gr , g> = 
Yl 0 P 0 4 . 1 <81’!?> 9 where Y1 is irreducible of degree 3 and p(g) # 1. 
By Lemmas 5.3 and 5.8, this is impossible. So 5 = lcK,,s) and letting h = g, 
we have the desired result for both cases (A) and (B). 
Hence X / (K, h) is irreducible or X 1 (K, h) = R @ 5 where R is 
irreducible of degree 7. Let 2 * lcK,+ act on WI’. As V,’ and WI’ are sub- 
spaces of dimension 2 contained in the subspace V,’ of dimension 3, 
V,’ n W,’ # (0) and X 1 (K, h) acts trivially on VI’ n WI’ t So X 1 (K, h) = 
R 0 l,,,,, . By Lemma 1.4, R is primitive and as O,(3) g A, , (K, h) z 
PS’,(2), a contradiction. So the lemma holds. 
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LEMMA 5.10. Theorem 2 holds for n = 8. 
Proof. If N + A,, let HE PSp,(2) be as in Lemma 5.9; all special 
3-elements are conjugate in H. If g is a special 3-element of G, as X(g) does 
not have 7 equal eigenvalues, [H, g] # 1. So by Lemma 5.8, g is conjugate to a 
special 3-element in H. Thus all special 3-elements of G are conjugate in the 
group N that they generate. Also by Aschbacher-Hall [l] and Lemma 5.8, 
there exist two special 3-elements in H which generate A, . 
By Lemma 5.8 and Stellmacher [21], N/O,(N) is isomorphic to PSp,,(2) 
for k >, 3, O&(2) for k 3 3, Al, for k 3 5, Hj, G,(4), Sx, or Co,. As H is 
simple, N/O,(N) contains a subgroup isomorphic to P@,(2). If p is a prime 
and p / [ G j, by [3], p < 7. So N/O,(N) g P+,(2) or O,+(2). 
Consider first the case that O,(N) > Z(N). As in the proof of Lemma 5.7, 
there is a 2-group Q C O,(N) such that Q 4 N, X 1 Q is irreducible and 
N/Q is a subgroup of P@,(2). Thus N = HQ andQ = O,(N). By Frame [7], 
H has a subgroup HI with HI g O,(3) and X 1 HI = R, @ 2 . lH1 , where 
R, is primitive of degree 6 acting on V, . f1i is generated by special 3-elements. 
Consider the group Ni = HIQ. Then ( N, / = 1 HI 1 ‘2” for some integer a. 
Let h be a special 3-element of Ni . If X(h) moves V, , by Lemma 1.4, 
X 1 (HI , h) is primitive as 7 { / Ni 1; this contradicts Lemma 5.9. So 
X 1 (HI, h) = S @ 5, @ 6,) where S is primitive on IT*. The Sylow 
3-subgroup of Nr is the same size as the Sylow 3-subgroup of HI and so 
[HI, h] # 1 implying by Mitchell, E, = 6, = lcH1,h) . Hence (HI , h) s 
O,(3) and h E HI . In particular HI 4 Ni and [HI, Q] C HI n Q = 1, a 
contradiction as X / Q is irreducible. 
Thus O,(N) -= Z(N). Hence if N/O,(N) E PSp,(2), N = HZ(N) a 
contradiction as X 1 N is irreducible. So N/Z(N) g O,+(2). By Frame [8], 
O,+(2) has no irreducible representation of degree 8. As N’Z(N) = N and 
N = 02(N), N = N’. The Schur multiplier of O,+(2) by Steinberg (see [6]) 
is Z, x Za . So 1 Z(N)] = 2. Frame [8] exhibits a group, the Weyl group E, , 
whose derived subgroup has the properties of N described here. As N 4 G 
and X 1 N is irreducible, C,(N) = Z(G) and so G/Z(G) is a subgroup of the 
automorphism group of N, which is a subgroup of the automorphism group 
of o,+(2). 
LEMMA 5.11. Theorem 2 holds for n 3 9. 
Proof. Assume hypothesis (A) of Section 4 fails for n = 9. Then there is 
a subgroup K of G generated by special 3-elements such that X i K = 
Xl 0 (9 - s)l,, where X1 is primitive of degree s = 7 or 8 and Kc+ A,,1 . 
Ifs = 8, by Lemma 5.10, K/Z(K) g O,+(2) and Z(K) # 1. But then X(G) 
contains an element with eight eigenvalues - 1 and the other equal to 1. By 
48 I /34/W 
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USI, W’(G) z &, , a contradiction. So s = 7 and KS PSps(2). Let X, act 
on V, and 2 . 1, act on Vi’. 
By Frame [7], there is a subgroup Kr of K generated by special 3-elements 
such that Ki g O,(3) and X 1 Kr = Xa 0 3 . lKx , where X, is primitive. 
Let g be a special 3-element in G moving Vr . In particular, [K, g] # 1. As 
in the proof of Lemma 5.9, we may assume [Kr , g] # 1. Let X, act on V, 
and 3 . lK1 on I’,‘. As in Lemma 5.9, X(g) does not leave V, invariant. Thus 
Xl@G,g) =sol<K1,9>, where S is irreducible or S = Y @ 5, where 
Y is irreducible of degree 7. If S is irreducible, by Lemma 1.4, S is primitive 
and (4 , gYz(Wl , g>) e Q,+(2) by L emma 5.10, a contradiction as earlier. 
So S = Y @ 5, and by Lemma 1.4, Y is primitive. By Mitchell X 1 (Ki , g) = 
y 0 2 . hK1.B> . As in Lemma 5.9, X 1 (K,gj = R @ lcK,sj , where 
R is irreducible. By Lemma 1.4, R is primitive and by Lemma 5.10, 
(K, g)/Z((K, g)) e O,+(2), a contradiction. So hypothesis (A) holds and by 
Lemmas 5.7 and 4.10, the result holds for n = 9. 
Consider n = 10 and assume hypothesis (A) fails. Then by the case n = 9 
and Lemma 5.10, there is a subgroup K of G generated by special 3-elements 
such that X / K = Xi @ 2 . 1, , where Xi is primitive and K/Z(K) z O,+(2). 
By Lemma 5.9, K contains a subgroup Kl g P,+,(Z) generated by special 
3-elements such that X 1 Kl = X, @ 3 . lK1 , where X, is primitive. Let Xi 
act on Vi . 
Let g be a special 3-element such that X(g) does not leave Vi invariant. 
As earlier, X(g) does not leave I’, invariant. So X / (Kl , g) = S @ lcK+) , 
where S is irreducible or S = Y @ E such that Y is irreducible of degree 8. 
By Lemma 1.4, if S is irreducible it is primitive, and if S is reducible, Y is 
primitive. As P.!@,(2) $ A,, , S. IS reducible. So X 1 (Kl , g) = Y @ 2 * l(+,) 
and as in Lemma 5.9, X / (K, g) = R @ 1 (K,gj , where R is irreducible. By 
Lemma 1.4, R is primitive, so (K, g> s A,, , a contradiction. So by 
Lemmas 5.7 and 4.10, the result holds for n = 10. 
For n > 11, by induction, hypothesis (A) holds. By Lemmas 5.7 and 4.10, 
the lemma follows. 
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